The existence regimes and dynamics of soliton molecules in dispersion-managed (DM) optical fibers have been studied. Initially we develop a variational approximation (VA) for description of periodic dynamics of a soliton molecule within each unit cell of the dispersion map. The obtained system of coupled equations for the pulse width and chirp allows to find the parameters of DM soliton molecules for the given dispersion map and pulse energy. Then by means of a scaling transformation and averaging procedure we reduce the original nonlinear Schrödinger equation (NLSE) with piecewise-constant periodic dispersion to its counterpart with constant coefficients and additional parabolic potential. The obtained averaged NLSE with expulsive potential can explain the essential features of solitons and soliton molecules in DM fibers related to their energy loss during propagation. Also, the model of averaged NLSE predicts the instability of the temporal position of the soliton, which may lead to difficulty in holding the pulse in the middle of its time slot. All numerical simulations are performed using the parameters of the existing DM fiber setup, and illustrated via pertinent examples.
nient to explore using the averaged nonlinear Schrödinger equation (NLSE). The averaged NLSE can help to specify the existence regimes of solitons and molecules, elucidate the physical mechanism by which they loose energy, and eventually disintegrate in conservative DM fibers.
The paper is organized as follows. In the next Sec. II we introduce the NLSE which governs the pulse propagation in DM fibers. Here we also present the parameters of the DM fiber used in our calculations. In Sec. III we develop the VA for the fast dynamics of solitons and molecules and compare its predictions with the results of PDE simulations. Then we derive in Sec. IV the averaged NLSE and determine its coefficients using the VA. Here we also perform the analysis of the pulse propagation in the NLSE with inverted parabolic potential. In Sec. V we summarize our findings.
II. THE GOVERNING EQUATION
Propagation of optical pulses in fibers with inhomogeneous parameters is described by the following nonlinear Schrödinger equation
where E(z, t) (|E| 2 For qualitative analysis and numerical simulations it is convenient to reduce the Eq. (1) into dimensionless form. At first we eliminate the gain/loss term via new variable u(z, t) (|u| 2 [W ]), following Ref. [11] E(z, t) = a(z)u(z, t), a(z) = a 0 exp
where a 0 is dimensionless constant. The new complex function u(z, t) satisfies the equation
where γ(z) = a 2 (z) · Γ(z) is the fiber's effective nonlinearity. Now we convert the Eq. 
where
is the fiber's effective dispersion, characterizing both the fiber's GVD and nonlinearity. The original parameters β(z), Γ(z) and g(z) in Eq. (1) are periodic functions of propagation distance with common period L, while the effective dispersion β ′ (z ′ ) in Eq. (4) is a periodic function with period defined by
To obtain the final equation we introduce dimensionless variables
where τ m is the characteristic time scale equal to pulse duration of the laser source τ f whm . In terms of these variables the dimensionless governing equation acquires the form
m represents the fiber's dimensionless effective dispersion. To show the results in dimensional variables we solve the equation
with respect to z [m], for given dimensionless propagation distance Z, the period (6) . Note that z = L corresponds to Z = 1, in accordance with Eq. (5).
In the absence of gain/loss term in Eq. (1), i.e. g(z) = 0
The dimensionless pulse energy is
where E 0 [J] -is the original pulse energy.
A. Parameters of the dispersion map
In the following sections we employ the DM map parameters, corresponding to the setup of Ref. [9, 10] , for laser wavelength λ = 1540 nm
The path averaged dispersion and nonlinearity are equal tō
The characteristic time, length and energy scales are given below
.459 (strength of the map). From the above presented data we get the dimensionless map parameters Figure 1 shows the dispersion profiles for the original and reduced governing equations.
III. THE VARIATIONAL APPROACH FOR FAST DYNAMICS OF SOLITON MOLECULES
Propagation of a DM soliton is characterized by fast variation of the pulse shape within each period of the DM map and slow variations on longer distances when observed stroboscopically, i.e. once per dispersion period. The periodic dynamics is compromised by different imperfections of the fiber, continuous emission of linear waves by the soliton and non-perfect initial shape of the DM soliton injected into the fiber. To compensate for the power loss and other distortions, in practice the pulses are regenerated by amplifiers which are equidistantly installed along the fiber line.
The variational approach, initially developed for description of optical soliton propagation in homogeneous fibers [12] , later was successfully applied to DM solitons [13] and antisymmetric solitons in DM fibers [14, 15] . The advantages and disadvantages of the VA as compared to other methods of exploring DM solitons are discussed in [16, 17] . Below we elaborate the VA for two-and three-soliton molecules in DM fibers, based on the reduced NLSE (7). 7). Note that here the coefficient of nonlinearity is equal to one and has not been shown in Eq. (7) and figure.
The Eq. (7) can be obtained from the following Lagrangian density (for tidier notations we again use small letters instead of capitals)
To derive the VA equations we consider the shape of the soliton molecule in general form [13, 18] q(z, t) = 1
where α(z), σ(z) are the chirp parameter and phase, τ (z) is the pulse duration (proportional to the separation between solitons in the molecule), f (x) is the real function which represents the stationary shape of the soliton molecule. The energy of the pulse is (subscript zero in Eq. (10) is dropped)
Substitution of the trial function (12) into Eq. (33) yields the Lagrangian density
The averaged Lagrangian is obtained by integrating the last expression over the reduced time variable
with a few integral constants, determined solely by the pulse shape f (x). The Euler-Lagrange equations with respect to variational parameters τ, α, σ give rise to a coupled set of ODE's
We adopt the following trial functions f (x) to specify the shapes of the pulses and define the corresponding parameters
2-soliton molecule :
3-soliton molecule :
The fixed point (τ 0 , α 0 ) of the coupled system (16)- (17), which can be found using the Nijhof's method for VA models [19] , defines the stationary shapes of the pulses with given energy E and DM map function d(z). In Fig. 2 we illustrate the shapes of the two-soliton and three-soliton molecules, which are found by solving the VA system (16)- (17) and compare with the corresponding results of the Nijhof's method applied to the original Eq. (7). In Fig the phase trajectory for the periodic solution of the VA system (16)- (17) and temporal center-of-mass positions of solitons in the two-soliton molecule while it propagates along the fiber. The center-of-mass position of the right/left soliton is calculated from the solution of the VA system (16)-(17) as τ cm (z) = ±τ (z) 2/π, while for the NLSE (7) the corresponding formula is
where in actual calculations we use the temporal domain's half length as the upper limit of the integration. For evaluation of the pulse width and chirp parameter from the solution of Eq. (7) we employ the following expressions [19] .
As can be seen from Fig. 3 the dynamics of the pulse width is described by the VA equations quite accurately, while for the chirp parameter the agreement is only qualitative. It should be noted that although the chirp parameter shows complicated behavior within the map period, "zero chirp" condition in the middle of each anomalous GVD fiber is well satisfied.
IV. AVERAGED EQUATION FOR SOLITON MOLECULES IN DM FIBERS
Long-haul propagation of soliton molecules in DM fibers is convenient to study using the averaged NLSE. The averaging procedure was developed in [13, 18] . Below we use the approach based on the scaling arguments proposed in Ref. [20] and look for the solution of Eq. (7) in the form (capital letters changed to lower-case)
where α(z) is the chirp parameter. Inserting this into the governing Eq. (7) we obtain By introducing the new time (x) and amplitude (b) functions
the last equation can be reduced into the form
When the following relations are satisfied
the NLSE with a parabolic potential results from Eq. (27)
The amplitude function is linked to the pulse width as b(z) = β/ τ (z), which can be readily verified from Eq. (28) . The constant β is specified by the selected trial function. Now applying the averaging procedure to Eq. (29) we obtain in leading order
where ψ(z, x) is the slowly varying core of the DM soliton. The quantities averaged over one dispersion period are defined as
The averaging is performed 
The stationary solution ψ(z, x) = ϕ(x)e iλz can be found from the initial value problem with respect to variable x
and suitable initial conditions ϕ(0) and ϕ x (0). It as appropriate to mention that Eq. (30) with additional gain/loss term was previously considered also in other contexts, such as the nonlinear compression of chirped optical solitary waves [23] , and with regard to integrability issues [24] [25] [26] [27] .
A. The variational approach for averaged NLSE
To study the evolution of pulses governed by Eq. (30) we develop the VA. The corresponding Lagrangian density is
The trial function will be of the form
where A(z), τ (z), ξ(z), v(z), α(z), ϕ(z) are variational parameters, designating the pulse amplitude, width, center of mass position, velocity, chirp and phase, respectively. The auxiliary function η(x) is introduced for convenience and defines the type of the pulse. Specifically for a single soliton η(x) = 1, for two-soliton molecule η(x) = x and for three-soliton molecule η(x) = 4x 2 − 1. It is instructive to start with considering the existence and dynamics of a single soliton on top of an inverted parabolic potential. The integration L = ∞ −∞ Ldx using the trial function (34) with η(x) = 1 gives rise to the following effective Lagrangian
where the pulse energy E = A 2 τ π/2 is conserved. Now applying the Euler -Lagrange equations with respect to the variational parameters, we get the ODE system for the pulse width and its center-of-mass position
The system for the two-soliton and three-soliton molecules will be similar, with only re-scaled energy coefficient, E → E/4 for the former case and E → (41/320)E for the latter case (see the coefficient c 2 in Eqs. (20)- (21)). As can be seen from this system, the center-of-mass and internal dynamics of the soliton are decoupled. This is due to the property of a parabolic potential and is the manifestation of the Ehrenfest's theorem (its validity for the nonlinear Schrödinger equation with a linear and parabolic potentials was proved in Ref. [22] ). In other types of potentials these two degrees of freedom are coupled. In fact the equation for the center-of-mass is the harmonic oscillator equation with a purely imaginary frequency ω 2 = k 0 /(d 0 − 1) < 0, since in practical situations k 0 > 0 and d 0 < 1. Therefore, the center-of-mass of the soliton is unstable against sliding down an inverted parabola with exponentially increasing distance from the origin
The equation for the pulse width (36) is similar to the equation of motion for a unit mass particle in the anharmonic potential
which is depicted in Fig. 4 . The minimum of this potential is found from the solution of the quartic equation
and corresponds to the stationary width of the soliton. For a given pulse energy E this defines the shape of the soliton according to the ansatz (34). At some critical energy E cr the local minimum in this potential disappears, which means that Eq. (30) does not support solitons and molecules with energy below E cr . The value of the critical energy can be found from the condition that Eq. (40) has a real solution, which takes place if m > 4(n/3) 3/4 , or in terms of energy
In fact the shape of the potential U (τ ) gives the evidence that solitons and molecules in the system are meta-stable.
In the same figure 4 we compare the pulse profiles obtained by solution of the stationary state Eq. (32) with the prediction of VA. The parameter λ for Eq. (32) is obtained using the shooting method, where the pulse energy E = |ϕ(x)| 2 dx is minimized and initial conditions ϕ(0) = A, ϕ x (0) = 0 are used. As can be seen from this figure, the deviation between the two wave profiles is notable at far tails of the pulse, where the field intensity significantly decreases. The wavy tails on the numerically exact pulse profile, found from solution of Eq. (32) indicate the existence of waves reflected from (and partially transmitted through) the borders of the effective potential (31). The waves escaping the effective potential contribute to the continuous outflow of energy from the soliton propagating along the fiber, and that will be the fundamental source of its instability in conservative DM fibers. The "pulse in the effective potential" picture, shown in Fig. 5 , is helpful for the analysis of instability issues. The first aspect to be noted is that, the height and width of the effective potential barrier in both directions from the pulse are finite, and depends on the intensity of the pulse itself. Therefore a continuous and nonlinearly progressing energy outflow from the soliton takes place via the tunneling effect, whose rate can be estimated by means of the semiclassical WKB method as done for the matter-wave analogue of this problem in Ref. [28] . These authors also have shown that the rate of energy outflow (number of particles for condensates) nonlinearly increases, eventually leading to disintegration of the soliton. The second aspect is the instability of the center-of-mass position of the soliton against sliding down an inverted parabola. According to Eq. (38) any small departure of the center-of-mass position from the origin (the top of the inverted parabola) in either direction will exponentially grow.
To verify the above conclusions following from our model, we performed numerical simulations of the pulse propagation governed by Eq. (30). When we introduce the wave profile predicted by VA, which slightly differs from the solution of Eq. (32), as initial condition to Eq. (30), the pulse quickly adjusts itself by performing damped oscillations of its amplitude, and then continuously decay both in the energy and amplitude, as shown in Fig. 6 . The frequency of oscillations of the amplitude well agrees with the prediction of VA, when we expand the potential (39) near its minimum τ 0 and estimate the corresponding frequency and period ω 0 = d 2 U/dτ 2 | τ =τ0 ≃ 5.12, T 0 = 2π/ω 0 = 1.22. However, the VA does not take into account the dissipative effects. In numerical simulations we use the absorbing boundary technique [29] to prevent the interference of the soliton with the linear waves, otherwise reflected from the integration domain boundaries. To calculate the energy outflow from the soliton, we monitor the amount of energy in the central part of the domain (x ∈ [−2, 2] in Fig. 6 ) where the bulk of the pulse is confined. The energy loss rate dE/dz is characteristic for the fiber parameters and initial pulse power, which define the coefficients of the averaged NLSE (30). The instability of the center-of-mass position of the soliton is demonstrated in the middle panel of Fig. 6 . If the calculation is performed with centering of the soliton, when at each step its center-of-mass is held at the origin, we observe complete disintegration of the pulse due to the energy loss, as shown in the right panel of this figure. The critical energy, at which the pulse disintegrates, according to the inset of the left panel is E cr ≃ 1.2. This numerical finding is in good agreement with the prediction of VA Eq. (41) E cr = 1.24.
In fact the above mentioned mechanism of energy loss sets the limit to attainable robustness of DM solitons and molecules in the given setup. The instability of the center-of-mass of the soliton will make it difficult to held the pulse in the middle of its time slot. In Fig. 7 we demonstrate the propagation of two solitons governed by Eq. (30). The amplitude and energy of the soliton decay as it propagates along the fiber due to the wave tunneling effect. The inset shows the nonlinear character of the energy loss at longer distances and abrupt disintegration of the pulse at some critical energy. The data is obtained by numerical simulation of Eq. (30) with absorbing boundary conditions. The initial wave is a Gaussian pulse with the amplitude A = 1.6227 and width τ = 0.521, as predicted by VA. Middle panel: The soliton slightly displaced from the top of the inverted parabola (by amount ∆x ∼ ±10 −3 ) slides down with increasing velocity in the corresponding direction. This instability develops even due to a numerical noise, when the soliton is placed exactly at the origin x = 0. Right panel: When calculation is performed with centering of the pulse, a complete disintegration can be observed at sufficiently long propagation distance.
When two in-phase solitons are initially placed at a separation exceeding some critical value, they move apart with increasing velocity under the effect of the expulsive parabolic potential. If the solitons are placed at a smaller temporal distance, they collide few times and merge together, and later the combined pulse develops instability, analogous to the single soliton case and slides down the inverted parabola. Similar behavior of two-soliton states were reported in the dissipative counterpart of Eq. (30) in Ref. [27] . An additional fact relevant to coupled soliton propagation in this system is that, the out-of-phase solitons always repel each-other and diverge from the origin in accelerated manner. The main result of our study of pulse propagation governed by the averaged NLSE (30) is that, it does not support truly stable solitons and molecules as the original DM Eq. (7) does. Rather it shows, that solitons and molecules in the conservative DM fiber are meta-stable, both in terms of energy and temporal position. In addition, the model of averaged NLSE allows to find the existence regimes and identify the limits of stability of solitons and molecules in DM fibers. The inclusion of dissipation and gain into the model may change the results to some degree. This will be a subject for separate study.
V. CONCLUSIONS
We have developed a variational approximation which successfully describes the propagation of soliton molecules in DM fibers. The pulse shapes for a two-soliton molecule and three-soliton molecule, predicted by VA are shown to be sufficiently close to the numerically exact shapes found by solution of the original DM NLS equation. Then we have studied the dynamics of solitons and molecules in the averaged NLSE corresponding to the selected DM fiber system. The approach of averaged NLSE allows to identify the regimes of existence of solitons and molecules in the original DM system, and reveal the fundamental source of instability of soliton propagation in DM fibers, which is linked to continuous outflow of energy from the pulse due to the wave tunneling phenomenon. The model also predicts the instability of the temporal position of the pulse within its time slot. All calculations are performed using the parameters of the existing DM fiber setup [9, 10] . The model may provide guidance in further studies of the properties of soliton molecules in DM fibers.
